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1. Introduction 
There are a number of connections between the cohomology and the repre- 
sentation theory of finite groups. We shall give another such relation, this time 
between modular representations and cohomology. Projective resolutions have 
already proved to be the bridge between periodicity phenomena nd modular repre- 
sentation theory of groups with a cyclic Sylow subgroup [2]. This has motivated 
study of these resolutions; here we shall see how an important invariant of a 
module, given by resolutions, can be calculated in terms of subgroups. Our general 
result implies a number of seemingly unrelated known results as well as new 
theorems. 
Let G be a finite group and k a field of prime characteristicp. All modules for the 
group algebras kG will be assumed to be finitely generated. Let M be a kG-module 
and let 
be the minimal projective resolution of A4. In particular, any projective resolution 
of M is isomorphic with the direct sum of the minimal resolution and a projective 
resolution of 0. If c is a nonnegative integer, then we say that M has complexity c 
provided c is the smallest nonnegative integer such that there is a positive number I 
with 
for all n sufficiently large. We write c(M) = c, or co(M) = c to be more precise. 
It is easy to see that every kG-module has a complexity and that this definition 
agrees with the previous one [I]. We shall prove these and other properties of 
complexity in due course. We are now ready to state the main result of the paper. If 
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H is a subgroup of G, then MH is the kH-module which is the restriction of the kG- 
module to H. 
Theorem. If M is a kG-module, then 
cc(M) = m$cAMs)) 
as E runs over the elementary abelian p-subgroups of G. 
A number of results now follow. 
Corollary 1 (Quillen). The Krull dimension of the cohomology algebra H*(G, k) 
equals the p-rank of G. 
Thep-rank of G is the largest integer r such that G contains an elementary abelian 
p-subgroup of order pr. The first proof of Quillen’s theorem was topological [9]. 
However, later work [lo, 11) gave an algebraic proof which is the motivation and 
model for our theorem. The key part of the algebraic proof of Quillen’s theorem is a 
study of the restriction of H*(G, k) to various H*(E, k), E an elementary abelian p- 
subgroup. This suggests that a generalization to arbitrary kG-modules would 
compare H*(G, M) and the H*(E, ME)_ However, M can be nonprojective (and even 
an indecomposable from the principal p-block) with H*(G,M) =0 and the 
H*(E,ME) quite nontrivial. The notion of complexity and our result give the 
appropriate generalization. 
Corollary 2 (Chouinard [3]). The kG-module M is projective if, and only 13 every 
restriction ME of M to an elementary abelian p-subgroup E is projective. 
This is just the case c=O of our theorem. The case c= 1 will yield the next result. 
Corollary 3. The kG-module M is periodic if, and only if, every restriction ME of M 
to an elementary abelian p-subgroup E is periodic. 
The next two results require some concepts from modular representation theory 
to be stated. 
Corollary 4 (P. Donovan). The maximum complexity of the indecomposable kG- 
modules in the p-block B of G equals the p-rank of the defect group of B. 
Corollary 5. If Q is the vertex of an indecomposable kG-module M, then the 
complexity of M is at most the p-rank of Q. 
The remainder of the paper is organized as follows. The next section is devoted to 
the proof of the theorem, and Section 3 to the corollaries. A key lemma on spectral 
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sequences and the properties of complexity, both needed for the proofs of the 
theorem and corollaries, will be given in Sections 4 and 5. We conclude with a few 
suggestions for future directions in Section 6. 
2. Proof of the theorem 
We shall proceed by a sequence of lemmas. 
Definition 2.1. If V is a vector space over k graded by the nonnegative integers, 
then we say that V has growth g and write y(V) = g, provided g is the smallest non- 
negative integer such that there is a positive number p with dimk V,lpng-’ for all n 
sufficiently large. 
We now fix some notation. Let S be a p-group, U a I&-module and T be a 
maximal subgroup of S. Let DE H2(S, k) be the Bockstein of the element of H’(S, k) 
corresponding to T, so it is well defined up to a scalar multiple. If S is not 
elementary abelian, then choose maximal subgroups T,, . . . , T, of S in accordance 
with Serre’s theorem [12]. Hence, if Pl,...,Br are the Bocksteins of the corres- 
ponding elements of H’(S, k), then PI -+*p,=O. 
Lemma 2.2. We have the inequality 
y(H*(S uvPH*(s, U)) 5 y(H*( r, VI). 
Proof. By Lemma 4.1, H”(S, U)//IHne2(S, U) = V,, has a subspace W,, such that 
V,J W,, is isomorphic with a subquotient of HO(S/T,H”(T, U)), while W, is 
isomorphic with a subquotient of H’(S/T, H”- ‘(T, U)). But S/T is cyclic, so each of 
these cohomology groups is of dimension at most the dimension of the coefficients. 
This proves the result. 
Lemma 2.3. We have the inequality 
y(H*(S, U)) 4 my y(H*(E, Ud) 
as E runs over the elementary abelian p-subgroups E of S. 
Proof. If S itself is elementary abelian, then the result is clear. Hence, we proceed 
by induction on the order JSI and we may assume that S is not elementary abelian. 
We may assume that each elementary abelian subgroup of S is contained in one of 
the T;, by expanding the collection of these subgroups, if necessary. Application of 
the previous result to the filtration 
H*(S, U) a /3$f*(S, CJ) ;, a-- a /3, --. /3,H*(S, CJ) = 0 
and our induction hypothesis applied to the Tj yield the result. 
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Lemma 2.4. We have the equality 
cs( U) = m,ax CE( U&) 
as E runs over the elementary abelian subgroups of S. 
Proof. By Lemma 5.3, it remains only to bound es(U) by the right-hand side. Let 
U* be the dual of U. Since the trivial k4module k is the only simple kS-module, 
Lemma 5.4 gives 
es(u) = y(Extk*s(U k)) 
= y(Ext;s(k, U*)) 
I max Y(Ext&-(k, Ua), & by Lemma 2.3, 
= mfx Y(Extk*E(UEI k)) 
= mfx c~( U,), again by Lemma 5.4. 
We can now complete the proof of the theorem. Let P be a Sylow p-subgroup of 
G, so that A4 is relatively P-projective and so M is isomorphic with a direct 
summand of the module induced from the kP-module Mp. Hence, by Lemma 5.2 
and Lemma 5.3 we have that co(M) = cp(Mp). Since every elementary abelian p- 
subgroup of G.is conjugate with a subgroup of P, Lemma 2.4 now proves the 
theorem. 
3. Proofs of the corollaries 
We proceed in order, starting with Quillen’s theorem. He has given several 
equivalent definitions of the Krull dimension of H*(G,k). We shall use the 
following one: it is the Krull dimension of the noetherian commutative algebra 
He”(G,k) of the even cohomology. Thus, it is equal to the integer d such that 
He”(G, k) is a finitely generated module over a polynomial subalgebra in d variables 
over k. Hence, it is equal to the growth of Hev(G, k), which is equal to the growth of 
H*(G, k) since H*(G, k) is a finitely generated module over F”(G, k). 
Let r be the p-rank of G. We observe next that rI: v(H*(G, k)). Indeed, if E is an 
elementary abelian p-subgroup of order p’, then y(H*(E, k)) = s, by inspection. 
Moreover, by Shapiro’s lemma, H*(E,k)=H*(G,kG), where kc is the kG-module 
induced from the trivial k&module k. Hence, H*(E, k) is a finitely generated 
module over H*(G, k) [5] and so SI y(H*(G, k)). This establishes the observation. 
It remains to show that y(H*(G, k)) I r. Let 
. ..+P n -+...-rR, -+&,+k+O 
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be a minimal projective resolution of the kG-module k. Hence, 
y(H*(G, k)) 5 y(@HomA&, k)) 
5 y(ORJ 
= Cc(k) 
= mpx c&), by the theorem, 
= m,ax y(H*(E, I?)), by Lemma 5.4, 
= r. 
This proves Quillen’s theorem. 
We now turn to Chouinard’s theorem. If M is a projective kG-module, then it is 
clear that co(M) = 0. On the other hand, if co(M) = 0 for a kG-module A4, then the 
minimal projective resolution of M must be finite. However, kG is a symmetric 
algebra, so every projective kG-module is injective. Hence, M must be, in fact, 
projective. Thus, zero complexity is equivalent o projectivity. Hence, Corollary 2 is 
an immediate consequence of the theorem. 
Similarly, complexity one for a kG-module M is equivalent o there being a bound 
on all the dimensions of the projective modules in the minimal projective resolution 
of M. That is, M is bounded in the sense of [l]. But, boundedness is equivalent o 
periodicity, by [l] in the case that k has transcendence degree 0, and by [4] in 
general. Hence, Corollary 3 is also an immediate consequence of the theorem. 
Now we turn to Corollary 4. Let D be a defect group of B and let b be the corres- 
ponding block of N= N&I). If I/ is an indecomposable kG-module in B, then a 
vertex of U is in D, so c&U) is at most the p-rank s of D, once we have proved the 
fifth corollary. It remains to show that there is such a module U with co(U) =s. 
Let V be an indecomposable projective k[N/D] module which is in b when 
regarded as a kN-module. Thus, V has vertex D and we may let U be the Green 
correspondent of V. By Nagao’s theorem, U is in B. Moreover, c&U) = c,v(V) by 
Lemma 5.2 and Lemma 5.3. Finally, c~V)Z co( V,) by Lemma 5.2, and cD( VD) =s 
since V. is a direct sum of trivial modules. 
We conclude this section with the proof of Corollary 5. Let L be a @-module 
which is a source for h4. Hence, M is isomorphic with a direct summand of the kG- 
module induced by L. Thus, by Lemma 5.2 we have that co(M) s cQ(L). But cQ(L) 
is at most the p-rank of Q by Lemma 5.1, so we are done. 
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4. The key lemma 
We repeat the key step of the Quillen-Venkov argument [l l] for modules other 
than k. For completeness, we give the argument in greater detail that they did 
originally. 
Before doing this, let us review some basic facts from the cohomology of groups. 
Let H be a normal subgroup of the group G so we have the Lyndon-Hochschild- 
Serre spectral sequence corresponding with this group extension: 
H*(G/H, H*(H, M)) = H*(G, M). 
Moreover, this spectral sequence is a module over the spectral sequence 
H*(G/H, H*(H, k)) = H*(G, k) 
in the following sense. At the f+level, the pairings 
HP(G/H,H’I(H,k))OH’(G/H,H”(H,M))~HP+’(G/H,Hq+YH,M)) 
induce an appropriate module structure if we introduce the signs (- 1)Q’ in defining 
the product in H*(G/H, H*(H, k)) and the module structure for 
H*(G/H, H*(H,M)). In addition, for each r, we have a module structure 
E,(k) 0 E,(M) *E,(M) 
such that the differential d, satisfies the product rule 
d&p) = d,(a)p + (- l)d’%d,@). 
This induces a module structure 
Finally, we have a filtration of the H*(G, k)-module H*(G,M) 
H*(G,M)=F”(H*(G,M))aF’(H*(G,M))a a-. 
by submodules (and similarly for H*(G,k)) and the associated graded module 
structure 
Eo(H*(G, k))OEo(H*(G, M)*Eo(H*(G, M)) 
may be identified with the corresponding structure at the E,-level. (These facts are 
in essence derived in [7]. See [5] and [6] for related discussion.) 
We now assume that G is a p-group and that H is a maximal subgroup of G. We 
let PE H*(G,k) be the Bockstein of the element of H’(G, k) corresponding to the 
quotient G/H. 
Lemma 4.1. ~H*(G.M)=F*(H*(G,M)). 
Proof. Let f12E H*(G/H,k) be a source for p. Thus, f12 is in E:‘(k) and is a cycle for 
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d2 and induces images Br in E:‘(k) which are cycles for d, for each r. (Actually 
r = 2, 3 are enough since Et’(k) =,52”(k).) It follows that multiplication by p, yields 
homomorphisms 
commuting with dfq. 
We prove by induction on r that 
(a) bP;” is an epimorphism for pro, 
(b) bFq is a monomorphism for p L r - 1. 
First, for r= 2. the conclusions follow from the known periodicity structure of 
H*(G/H, H*(H, M)) as a module over H*(G/H, k). Indeed, 
H*(G/H,k)=H*(G/H,k,)@k, 
where k, is the prime subfield of k, and since G/H is cyclic, multiplication by a 
generator of H*(G/H, kp) yields an epimorphism H”(G/H,N)+H2(G/H,N) and 
isomorphisms Hp(G/H, N)+ HP+ *(G/H, IV), p > 0, for any k[G/w-module N. 
Suppose that the facts have been established up to and including r. First, we verify 
(a) for r+ 1. Let Xc E,+, p+2q(A4) be represented by XE E, p’2q(M) where d, p+Lqx,0. 
By induction, x=B,y where y~E?~(hf>. But dfCLqx=O yields df+2qjJry= 
p,d’;qy=O. Since df?qy,ET+cq-r+’ (M), it follows inductively from (b) that 
dFqy = 0. Thus, y represents _Y E Ef’21(M) and p,+ ~_IJ =X 
Now let’s establish (b). Let X E E?,!i(M), where p 2 r + 1 - 1 = r, be represented by 
XEEF~(M) with dpqx=O. Suppose ~r+i~=O, that is, ~,.x=df+2-1’q+r-‘t for 
.ZeE $+2-‘qcr-‘(M). Since p+2-rr2, z=pru for UEE~-‘.~+~-‘(M) with 
&J-r.q+r-i _ u - 0. Hence, /?,x= drlfru =p,.dru. and since x and d,u are in EFq(M) with 
p 2 r, we may again use (b) inductively to conclude x = d$-cq *‘- ‘u. That is, x = 0. 
Having established that multiplication by p, yields an epimorphism Ef?q(M)- 
EpcLq M) ( pro for each finite r, we may draw the same conclusion for r= 00. 
TLus, for each n&d p, the homomorphism 
F~H”(G,M)/F~+‘H”(G,M)~F~+2Hn+Z(G,M)/F~+3H”+2(G,M), 
induced by multiplication by p, is an epimorphism. It follows easily that 
~FPH”(G,M)=FP+*H”+*(G,M) for eachprO and each nr0. 
5. Complexity 
Each kG-module has a complexity, as has already been observed [l). However, 
this is quite easy to see independently of the finite generation of cohomology. If I/ is 
a kG-module and we tensor, term by term, the minimal projective resolution of the 
kG-module k by U, then we have constructed a projective resolution of Mand the 
minimal projective resolution of M is a direct summand. Hence, if we can show that 
the kG-module k has a complexity, then so does U. Before going on, let us record 
this observation: 
a J.L. 
Lemma 5.1. If U is a kG-module, then co(U) I co(k). 
Let P be a Sylow p-subgroup of G. The work of Lewis [8] shows quite easily that 
cp(k) exists and is at most n, where IPI =p”. If we induce to G, term by term, the 
minimal projective resolution of the k&module k, then we have a projective 
resolution of the induced module kc which shows that co(kG) exists and is at most 
cp(k). But k is relatively P-projective, so k is a direct summand of kc and so co(k) 
exists and is at most cp(k). Hence, complexity exists. 
Before continuing, let’s record what this last argument shows: 
Lemma 5.2. If U is a kG-module, V is a kH-module for a subgroup H of G, and I/ 
is isomorphic with a direct summand of the kG-module induced by V, then 
co( CJ) I cH( V). 
The analogous result for restriction is clear because the restrictions of projective 
modules are also projective: 
Lemma 5.3. If U is a kG-module, V is a kH-module for a subgroup H of G, and V 
is isomorphic with a direct summand of Un, then co(U) 1 cH( V). 
The next property of complexity that we need is as follows: 
Lemma 5.4. If U is a kG-module, then 
co-(U) = mfx y(Wo(I/, 3) 
where S runs over all the simple kG-modules. 
Proof. Let S ,, . . . , S, be simple kG-modules, one from each isomorphism class of 
such modules. Let P 1, . . . , P, be their projective covers so Pi has a unique maximal 
submodule and the corresponding quotient is isomorphic with S;. Let 
. . . ‘R, -+...-+R, +Re+(l+Q 
be the minimal projective resolution of U. Hence, each R, is isomorphic with a 
direct sum of copies of the Pi: 
R, = 6 t,;P;. 
i=I 
Moreover, t,,;= dimk HomkG(Rnr Si)/ei, where ei= dim, Horn&S,, Si). But 
HomkG(Rn, Si) = Ext&( U, S;) 
by the minimality of the resolution: Every ‘cochain’ is a ‘cocycle’ and every 
‘coboundary’ is zero. Hence, 
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and the proof is complete. 
6. Future directions 
There are quite a number of avenues open for further research. First, one would 
like to know how these results may be generalized to modules over group rings RG 
for rings R other than fields. For example, the case of R = Z, the ring of integers, 
would be very interesting. Second, one would like to generalize Quillen’s other 
results: not only did he determine the Krull dimension of W’(G, k), but he derived a 
description of all its minimal prime ideals. Are there similar results on the sub- 
module structure of the H*(G, k)-module H*(G, M)? Third, suppose that 
. . . +Po;+***-+P, +P,+M-0 
is the minimal projective resolution of M. Form the power series 
f(z) = “;, dimk P,,. z”. 
It is a consequence of the finite generation of cohomology (see the discussion in 
[13]) thatfis a rational function and that the order of the pole at z = 1 is co(M). Can 
one deal with f in the manner of commutative algebra and find new recipes of this 
sort relating properties off and properties of M? 
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